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Abstract
A ribbon is, intuitively, a smooth mapping of an annulus S1×I in 3-space having
constant width ε. This can be formalized as a triple (x, ε,u) where x is smooth
curve in 3-space and u is a unit vector field based along x. In the 1960s and 1970s,
G. Ca˘luga˘reanu, G. H. White, and F. B. Fuller proved relationships between the
geometry and topology of thin ribbons, in particular the “Link = Twist + Writhe”
theorem that has been applied to help understand properties of double-stranded
DNA. Although ribbons of small width have been studied extensively, it appears
that less is known about ribbons of large width whose images (even via a smooth
map) can be singular or self-intersecting..
SupposeK is a smoothly embedded knot in R3. Given a regular parameterization
x(s), and a smooth unit vector field u(s) based along K, we may define a ribbon
of width R associated to x and u as the set of all points x(s) + ru(s), r ∈ [0, R].
For large R, these wide ribbons typically have self-intersections. In this paper, we
analyze how the knot type of the outer ribbon edge x(s) +Ru(s) relates to that of
the original knot K.
We show that, generically, there is an eventual limiting knot type of the outer
ribbon edge as R gets arbitrary large. We prove that this eventual knot type is one
of only finitely many possibilities which depend just on the vector field u. However,
the particular knot type within the finite set depends on the parameterized curves
x(s), u(s), and their interactions. Finally, we show how to control the curves and
their parameterizations so that given two knot types K1 and K2, we can find a
smooth ribbon of constant width connecting curves of these two knot types.
AMSC: 57M25, 53A04, 53A05
1 Introduction
A closed “ribbon” is a smooth mapping (or the image set) of an annulus, S1 × [0, 1] into
R3, where the sets s× [0, 1] are mapped to line segments all of the same length. To avoid
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degenerate situations, we assume the mapping is an embedding on S1 × {0} and think
of a ribbon as being a smooth closed curve with the surface growing out of it following
a vector field emanating from the curve. Note we are not assuming the line segments
emanating from S1 × {0} are orthogonal to the curve, but the restriction to constant
width is essential in our study
A thin ribbon does not self-intersect, and the ribbon itself gives an isotopy (which
extends to an ambient isotopy) of the two boundary curves. The geometry of thin ribbons
has proven to be important in the study of double-stranded DNA (see e.g. [6, 9]). The
key is the “link = twist + writhe” theorem ( [1, 3, 10]).
We are led to several questions about wide ribbons, the first being how the knot types
of the boundary curves can be related. Wide ribbons generally do intersect themselves,
and the boundary curves can be of different knot types. As a ribbon is allowed to grow
arbitrarily wide, does the knot type of the outer boundary curve stabilize to something
we can predict? Does the restriction to constant width limit which knot types can be
connected to which others?
1.1 Examples: Knot type may, or may not, change.
Having the ribbon self-intersect does not force the outer boundary curve to cross itself.
For example, start with any smooth knot and let the vector field be just one constant
vector. The ribbon will eventually intersect itself, but the outer boundary curve remains
a rigid copy of the original knot, as in Figure 1.
Figure 1: Wide ribbon with identical boundary knots
Figure 2: Right-hand trefoil flips to left-hand as ribbon gets wider
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On the other hand, with more more general vector fields, the outer boundary knot can
change, as in Figure 2.
1.2 Main Results
It is conceivable that the outer ribbon edge is self-intersecting for all sufficiently large
widths, or for some unbounded sequence. However, we show that generically, this does
not happen: in general, as a ribbon grows beyond some width, the outer ribbon edge
does not cross itself any more, so the outer ribbon edge eventually stabilizes to a fixed
embedded knot type (Theorem 1).
In Section 2, we introduce a geometric condition (“no goal posts”) that ensures this
eventual stabilization. In Section 3, we show the condition of having no goal posts is a
generic property of ribbons in an appropriate topology (Theorem 2). In Section 4, we
show that for such non-degenerate ribbons, the limiting knot type is one of finitely many
knot types that can be listed from the starting data: in particular, this set of possible
knot types is determined by the vector field along which the ribbon is expanding and not
the starting boundary curve (Theorem 3).
The particular choice from the finite set depends on interplay between the initial curve,
the vector field, and how they are parameterized. In Section 5, we control the curves and
parameterizations to show that given any two knot types, we can construct a ribbon of
constant width whose boundary curves represent those knot types (Theorem 4).
1.3 Definitions and assumptions
We assume all maps are C1-smooth. Let D denote R /Z ∼= S1. When we talk about a
smooth, closed curve, we mean, in particular, that the curve is smoothly closed. Let X
be a smoothly embedded closed curve in R3, with regular parameterization x : D → R3.
Without loss of generality, assume that x is of unit speed.
Let u : D → S2 be a regular smooth closed curve on the unit sphere S2. We make the
following additional assumption, analogous to the usual knot theory definition of “regular
projection”: u, as a curve on S2, has only transversal self-intersections, and there are no
triple points. Since the domain D is compact, there can be only finitely many pairs s 6= s¯
where u(s) = u(s¯). If we view the vector u(s) as being based at the point x(s), we can
think of the function u as a smooth unit vector field along the curve X.
Definition. The ribbon of width R associated to x and u is defined to be Y = {x(s) +
ru(s) | s ∈ D and r ∈ [0, R]}. The outer ribbon edge YR of Y is the set of points
yR(s) = x(s) +Ru(s).
Remark. Our notion of width is more general than some others, because we do not
assume u is perpendicular to x. We allow u(s) · x′(s) to vary.
Intuitively, one might expect that the knot type of the outer ribbon edge YR should
stabilize for sufficiently large R. The property we define in the next section is a potential
obstruction to such stabilization. In Section 2, we show that the absence of this property,
hence the desired stabilization, is in fact generic. So almost all ribbons have eventually
constant knot type of the outer curve.
3
2 The Goal Post Property
Definition. Points x(s) and x(s¯) along the knot are said to have the goal post property
with respect to the vector field u if
• x(s) 6= x(s¯)
• u(s) = u(s¯)
• u(s) · (x(s)− x(s¯)) = 0.
The pair (x,u) has the goal post property if there exists such a pair of points. We
will show that if the outer ribbon edge YR crosses itself for arbitrarily large R then (x,u)
has the goal post property.
Suppose s and s¯ are distinct parameter values for which the outer ribbon edge inter-
sects itself at some positive width R; that is, yR(s) = yR(s¯). Then
x(s)− x(s¯) = R(u(s¯)− u(s)). (2.0.1)
If this happens for a given pair (s, s¯) and two widths, R1, R2, then we have
R1(u(s¯)− u(s)) = x(s)− x(s¯) = R2(u(s¯)− u(s)) .
So u(s) = u(s¯) or R1 = R2. But we cannot have u(s) = u(s¯) since (equation 2.0.1) this
would imply x(s) = x(s¯). We thus have a well-defined function defined on those pairs
(s, s¯) where u crosses itself.
Notation. For each pair of distinct parameters (s, s¯), either the rays emanating from
x(s) and x(s¯) never meet, or there is a single width, which we denote R(s, s¯), at which
they cross.
We also will make use of the following lemma, which is obtained by applying the Mean
Value Theorem in each coordinate.
Lemma 2.1. If f : R → Rk is C1 and we have two sequences {sn} and {s¯n} (sn 6= s¯n)
converging to the same limit, sn → s0 and s¯n → s0, then
lim
n→∞
f(sn)− f(s¯n)
sn − s¯n = f
′(s0).
We can now establish our first theorem: If there are no goal posts, then the outer
ribbon edge eventually stabilizes.
Theorem 1. Suppose we have a smooth closed curve X, with parameterization x(s) and
unit vector field u(s) satisfying the conditions specified in Section (1.3). Let R denote
the set of all widths at which the outer curve YR fails to be embedded; that is, R =
{R(s, s¯) | s 6= s¯ and x(s)− x(s¯) = R(s, s¯)(u(s¯)− u(s))}.
If there are no goal posts, then the set R is bounded and the knots YR are isotopic to
each other for all R > supR.
4
Proof. If R = ∅ then all curves YR are isotopic to X. Suppose R is nonempty and
unbounded. Then we can find convergent sequences sn → s0 and s¯n → s¯0 (sn 6= s¯n) such
that limR(sn, s¯n) = ∞. We will show s0 = s¯0 implies u′(s0) = 0 (which contradicts our
regularity condition on u), and s0 6= s¯0 implies the existence of goal posts. Let Rn denote
R(sn, s¯n).
Suppose first that s0 = s¯0. From equation (2.0.1), we have
||u(sn)− u(s¯n)||
||x(sn)− x(s¯n)|| =
1
Rn
−→ 0. (2.0.2)
On the other hand, applying Lemma 2.1 separately to u and x , we have
||u(sn)− u(s¯n)||
||x(sn)− x(s¯n)|| −→
||u′(s0)||
||x′(s0)|| (2.0.3)
so ||u′(s0)|| = 0.
Now, suppose s0 6= s¯0. From Equation (2.0.2), we see that
||u(s0)− u(s¯0)||
||x(s0)− x(s¯0)|| = 0 ,
so u(s0) = u(s¯0).
To see that x(s0) and x(s¯0) have the goal post property, we need only show that
u(s0) · (x(s0)−x(s¯0)) = 0. Consider the isosceles triangles whose vertices are x(sn), x(s¯n)
and x(sn)+Rnu(sn) = x(s¯n)+Rnu(s¯n) as shown in Figure 3. Since the length of the base
edge |x(sn) − x(s¯n)| is bounded (by the diameter of the knot) and the sides (of length
Rn) get arbitrarily large, the base angles βn converge to pi/2.
x(s0) x(s¯0)
x(sn) x(s¯n)
βn βn
K K
x(s0) + ru(s0) x(s¯0) + ru(s¯0)
Figure 3: Isosceles triangle formed near a goal post.
Now, if we assume that no distinct pair of points x(s) and x(s¯) has the goal post
property, then by the above argument, there exists an R∗ ∈ R such that R∗ = supR <∞.
In other words, there does not exist a distinct pair of parameter values s and s¯ such that
R(s, s¯) > R∗. Hence, yR serves as an ambient isotopy of yR1 to yR2 for R
∗ < R1 ≤ R ≤
R2 <∞, implying that the knot type of YR is unique for R > R∗.
5
3 Generic Stabilization of the Outer Ribbon Edge
In this section, we show that stabilization of the outer ribbon edge is a generic property
of ribbons, in the sense that within the space of all pairings (x,u), the subspace of those
having no goal posts is open and dense. Since the term “ribbon” includes a specified
width R, we will refer to a pair (x,u) as a ribbon frame.
Let H1 = {x : D → R3} and H2 = {u : D → S2} where x and u are C1 smooth maps.
In each factor, use a C1 metric:
d1(x1,x2) = max
s∈D
(||x1(s)− x2(s)||) + max
s∈D
(||x′1(s)− x′2(s)||)
d2(u1,u2) = max
s∈D
(||u1(s)− u2(s)||) + max
s∈D
(||u′1(s)− u′2(s)||)
Let H = H1 ×H2 and use d1 + d2 as the metric on H:
d((x1,u1), (x2,u2)) = d1(x1,x2) + d2(u1,u2) .
Let G be the subset of H consisting of all (x,u) satisfying the various conditions in
Section (1.3), and in addition, having no goal posts. Specifically, the pairs (x,u) ∈ G are
those where
1. x and u are regular maps, i.e. |x′| and |u′| are never 0, so both are immersions;
2. x is an embedding;
3. u has no triple points;
4. at each double point of u, the self-intersection is transversal;
5. (no goal posts) whenever u(s1) = u(s2), (s1 6= s2), we have u(s1)·(x(s1)−x(s2)) 6= 0.
We wish to show that G is open and dense. To that end, we begin by proving two
general lemmas regarding sequences of functions.
Lemma 3.1. Suppose P,Q are metric spaces, P compact, and fn : P → Q where (fn) is
a sequence of continuous functions converging uniformly to a continuous map f : P → Q.
If sn is a sequence of points in P converging to s0 ∈ P , then limn fn(sn) = f(s0).
Proof of Lemma 3.1. From the triangle inequality, dist(f(s0), fn(sn)) ≤ dist(f(s0), fn(s0))+
dist(fn(s0), fn(sn)) . The first terms converge to 0 because fn → f at each point. The
uniformly convergent sequence (fn), with compact domain P , is equicontinuous (converse
of Arzela`-Ascoli theorem), and so the second terms also converge to 0.
The next lemma says that if smooth maps (fn) converge C
1 uniformly to an immersion,
in particular a locally 1− 1 map, then the functions fn are eventually locally 1− 1, and
in a uniform way.
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Remark. We need the derivatives to converge and f an immersion, otherwise x→ x3 −
t2x, t→ 0, is an easy counterexample.
Lemma 3.2. Suppose fn : D = R /Z → R3 where (fn) is a sequence of smooth maps
converging in C1 to an immersion f : R /Z→ R3. Then there exists λ > 0 and index N
such that for all s, s¯ ∈ D and all n ≥ N , if s 6= s¯ and dist(s, s¯) < λ then fn(s) 6= fn(s¯).
Proof of Lemma 3.2. Suppose, to the contrary, that there exists a sequence of parameter
pairs (sn, s¯n) with sn 6= s¯n, dist(sn, s¯n) → 0, and fn(sn) = fn(s¯n). Since D is compact,
we may assume w.l.o.g. that the parameter sequences converge: sn → s0 and s¯n → s¯0.
Since dist(sn, s¯n)→ 0, we have that s0 = s¯0.
For each n, since fn(sn) = fn(s¯n), in particular there is equality in each of the coordi-
nate functions f 1n, f
2
n, f
3
n of fn. So there exists points t
1
n, t
2
n, t
3
n in the interval between sn
and s¯n with derivatives df
1
n(t
1
n) = 0, df
2
n(t
2
n) = 0, and df
3
n(t
3
n) = 0. Since the numbers t
j
n
are pinched between sjn and s¯
j
n (j = 1, 2, 3), we know t
j
n → sj0.
Now apply Lemma 3.1 to each coordinate of the derivatives: tjn → sj0 and df jn →
df j uniformly, so df jn(t
j
n) → df j(s0). Thus we have 0 = 〈df 1n(t1n), df 2n(t2n), df 3n(t3n)〉 →
〈df 1(s0), df 2(s0), df 3(s0)〉 6= 0.
Theorem 2. The set G is open and dense in H.
Proof. STEP 1: G is open in H.
Suppose (xn,un) is a sequence in H converging to (x0,u0) ∈ G. We want to show that
for sufficiently large n, (xn,un) eventually satisfies the five properties that characterize
G. The claim is similar in spirit to the stability theorem(s) in [4].
1. Since x and u are regular maps, and the domain D is compact, the values of |x′|
and |u′| are bounded away from 0. With C1 convergence, the values of |x′n| and |u′n|
are eventually also bounded away from 0.
2. We wish to show the maps xn are 1 − 1 for sufficiently large n. Suppose, to the
contrary, that for infinitely many n, there exist sn 6= s¯n with xn(sn) = xn(s¯n). Since
D is compact, we can extract convergent subsequences and assume sn → s0 and
s¯n → s¯0.
By Lemma 3.2, we must have s0 6= s¯0. But then, Lemma 3.1 would say x(s0) =
x(s¯0).
3. If infinitely many un have triple points, then, as in item 2, the map u would have
triple points.
4. As before, if infinitely many un have non-transversal double points, then there are
sequences sn → s0, s¯n → s¯0, with sn 6= s¯n, un(sn) = un(s¯n) and the vectors u′n(sn)
and u′n(s¯n) collinear. Applying Lemma 3.2 to show s0 6= s¯0, we would have that u
has a non-transversal double point.
5. Suppose infinitely many (xn,un) have goalposts. Then argue as in item 4 to conclude
that (x,u) would as well.
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STEP 2: G is dense in H.
We are given (x,u) ∈ H and want to approximate it with ribbon frames in G. Much of
the work is done by classical results (as in [11], [5]). In particular, we can approximate a
continuous curve x in R3 with smooth embeddings, and we can approximate a continuous
curve u in S2 with immersions. We can make the first step in our approximation by
perturbing (x,u) slightly to assume (x,u) satisfies properties 1 and 2 in the definition of
G: Both x and u are regular maps, and x is an embedding. Note that any sufficiently close
first-order approximation of u will now preserve being an immersion. We further perturb
u to ensure that u has only finitely many pairs of self-intersection (e.g. by stereographic
projection to R2 and then first order Fourier approximation in each coordinate, similar
to [7,8]); and further adjust u to have only double points where the self-intersections are
transversal. We are left with the problem of eliminating goal posts.
Suppose (x,u) has some goal posts. Let S = {(s1, s¯1), . . . , (sk, s¯k)} be the pairs of
distinct parameters for which u(si) = u(s¯i), and let S∗ be those pairs where there are goal
posts, i.e. where u(si)·(x(s¯i)−x(si)) = 0. Let F be the map from domain D˜ = D−{(s, s)}
to S2 given by
F (s, t) =
x(t)− x(s)
‖x(t)− x(s)‖| .
Finally, let P denote the set of all self-crossing points of u on S2.
The goal post condition is that a point u(si) = u(s¯i) lies on the great circle of S
2
traced by vectors orthogonal to F (si, s¯i). We have only finitely many such great circles,
so almost all uniform rotations of S2 will move the finite set P off the union of those great
circles. Let α : S2 → S2 be such a rotation, as small as we want, and define a new unit
vector field along the given knot X by u˜(s) = α ◦ u. Note that u˜ has the same set S of
double point parameter pairs as u, and now, for all these pairs, u˜(si) is not orthogonal to
F ((si, s¯i)); i.e. (x, u˜) has no goal posts.
This completes the proof of Theorem 2.
4 Bounding the Knot Type of the Outer Ribbon Edge
For small values of R, it is natural to think of the outer ribbon edge as a perturbation of
the curve x. However, as R increases, we gain more insight by viewing the ribbon edge
as a perturbation of the spherical curve u.
Definition. The rescaled outer ribbon edge is zt(s) =
1
R
YR = tx(s) + u(s) for t =
1
R
.
Since zt is just a scalar multiple of YR, they are topologically equivalent knots.
To understand the limiting knot type of YR as R → ∞, we will analyze zt as t → 0,
along with its normalization (i.e. spherical projection) zˆt(s) =
zt(s)
||zt(s)|| . In the following
discussions, we often use the phrase “for t small enough”. We always require t > 0, and
“t small enough” is equivalent to “R large enough”.
Note that since ||u|| = 1 and ||x|| is bounded, for sufficiently small t we know ||zt|| 6= 0
and zˆt is defined.
The functions zt converge uniformly in C1 to u as t→ 0. With a little more work, we
have the same property for zˆt.
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Lemma 4.1. As t→ 0, zˆt C
1−→ u uniformly.
Proof. By definition,
d2(zˆt,u) = max
s∈D
(||zˆt − u||) + max
s∈D
(||zˆ′t − u′||).
Since u is unit and ||x|| is bounded, zt converges uniformly to u and ||zt|| → 1. Similarly,
since ||x′|| = 1, we have that z′t converges uniformly to u′. Now consider ||zˆt − u||. For
any s, we have the following:
||zˆt − u|| ≤ ||zˆt − zt||+ ||zt − u||
=
∣∣∣∣∣∣∣∣ zt||zt|| − zt
∣∣∣∣∣∣∣∣+ ||tx + u− u||
=
∣∣∣∣ 1||zt|| − 1
∣∣∣∣ ||zt||+ t||x|| → 0
Next, consider ||zˆ′t − u′||:
||zˆ′t − u′|| ≤ ||z′t − zˆ′t||+ ||z′t − u′||
As noted above, since z′t converges uniformly to u
′, ||z′t−u′|| → 0. To complete the proof,
we need to show ||z′t − zˆ′t|| → 0. Using the quotient formula for the derivative of zˆt and
the fact that ||zt||2 = zt · zt to calculate the derivative of ||zt||, we have
||z′t − zˆ′t|| =
∣∣∣∣∣∣∣∣z′t − ( zt||zt||
)′∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣z′t − ( z′t||zt|| − zt · z
′
t
||zt||3 zt
)∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣ z′t||zt|| (||zt|| − 1) + zt · z
′
t
||zt||3 zt
∣∣∣∣∣∣∣∣
≤ ||z
′
t||
||zt|| | (||zt|| − 1) |+
|zt · z′t|
||zt||2
Since ||zt|| → 1, z′t → u′ which is bounded, and zt · z′t → u · u′ = 0 since u is constant
length, both summands converge to 0.
Next, we show that for t small enough, the maps zˆt look like regular projections of
spatial knots into the sphere.
Lemma 4.2. There exists t0 > 0 such that for t < t0:
• zˆt is an immersion,
• each self-intersection of zˆt is a transversal double point.
9
Proof. From Lemma 4.1, ||zˆ′t|| converges uniformly to ||u′|| > 0, so the maps zˆt are
eventually immersions.
For small t, the map D × [0, t0) → S2 given by (s, t) → zˆt(s) is a smooth homotopy
in S2 between maps zˆt and u. The Transversality Theorem [4] implies that the property
that u has transversal self-intersections in S2 is a stable property, so zˆt eventually has
only transversal self-intersections.
It remains to show that (eventually) the self-intersections of zˆt are only double points.
Suppose there exists a sequence tn → 0 such that zˆtn has triple points. Then there exist
distinct parameter values an, bn, and cn such that
zˆtn(an) = zˆtn(bn) = zˆtn(cn).
By compactness, there exists convergent subsequences
an → a0 bn → b0 cn → c0 .
We have two cases: Either all three are distinct, or some two are equal, say a0 = b0.
Applying Lemma 3.2 to zˆt → u, we know that for t sufficiently small, there is a positive
lower bound λ, uniform in t, on the distances |an − bn|. But if a0 = b0, these distances
would have to become arbitrarily small.
If all three {a0, b0, c0} are different, then u has a triple point, contradicting our initial
assumption that u has only double points.
We can paraphrase the combination of the previous sections, Lemma 4.1, and Lemma 4.2
as follows:
• Basic limiting properties of zt and zˆt: Under the generic assumptions of regu-
larity with no “goal posts”, for sufficiently small t, the curves zt are oriented, em-
bedded space curves which are smoothly isotopic to one another via the ribbon and
converging uniformly to the oriented spherical curve u. Furthermore, the spherical
projections zˆt are oriented regular curves on the sphere, each having only transversal
double point self-intersections, and converging C1-uniformly to u as t→ 0.
We want to characterize the (single) knot type of the curves zt as being obtained from
u by resolving the double points of u into over- or under-crossings. We showed above
that the curves zˆt look like knot projections; now we want to see which knot.
We claim that for sufficiently small t, the double points of zt occur at essentially the
same parameter values as for u, in the same order, with the same orientations of the
curves as for u. The fact that we have C1-convergence ensures that the handedness of
crossings will agree with the corresponding resolution of u, so the space curves zt have
the same extended Gauss code as a particular resolution of u.
We establish the desired relationship between double point parameters of zˆt and u in
several steps, sometimes choosing a tolerance δ on neighborhoods in D of the double point
parameter values of u and sometimes making t small enough to force zˆt to approximate
u closely enough.
Much of the story is told in Figure 4. In a box-shaped neighborhood of a double point
of u, we see two arcs of the curve u crossing at some angle, with the neighborhood chosen
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so the arcs span from one “side” of the box to the opposite side. (Note that the angle is
bounded away from zero due to transversality.) Nearby are two approximating arcs of zˆt,
which cross at a similar angle and follow u closely enough to span between the same sides
of the box. The fact that the zˆt arcs span across the box implies, by the Jordan Curve
Theorem, that they meet somewhere inside the box. At the same time, the fact that their
tangent vectors are close to the tangents for u prevents zˆt from having a second double
point close to the first. These two facts are the essential ingredients in establishing the
desired 1-1 correspondence between double points of zˆt and double points of u.
Figure 4: Arcs of zˆt are C1-close to arcs of u. Spanning across the box neighborhood =⇒
each double point of u has a nearby double point of zˆt. Crossing at a similar angles =⇒
double points of zˆt are not too close together.
4.1 First choice of δ-intervals about the double point parameters
of u
Notation. Let {s1, s¯1, s2, s¯2, . . . sk, s¯k} be the parameter values for the self-intersection
points of u, where u(si) = u(s¯i). Call si, s¯i a matched pair of parameter values. For δ > 0,
let Bδ(si) (resp. s¯i) be the interval in the domain D of radius δ about si. Call Bδ(si) and
Bδ(s¯i) a matched pair of intervals. Finally, for any δ > 0, let B be the union of the Bδ
neighborhoods of all the double point parameters of u.
We first note that by making t small enough, we can ensure that the double point
parameters of zˆt lie within B.
Lemma 4.3. There exists t0 > 0 such that for t < t0, all double point parameters of zˆt
are contained in B.
Proof. Suppose there exists a sequence tn → 0 where zˆtn has double point parameters
rn and r¯n such that at least one of the parameter values, call it rn, is not contained in
the open set B. Since B is open, by choosing convergent subsequences, we may assume
rn converges to r0, which is in the complement of B, and r¯n converges to r# that is
somewhere. By Lemma 4.1, regardless of where r# lies, we know u(r0) = u(r#).
If r# 6= r0 then u has a double point parameter r0 in the complement of B. If r# = r0
then parameters rn, r¯n are eventually closer than λ from Lemma 3.2.
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Since u has only finitely many double points, there exists δ1 > 0 so that the intervals
are disjoint, and in particular:
• each interval Bδ1 contains exactly one double point parameter for u, and
• for sufficiently small t, all the double point parameters of zˆt are contained in the
union of these intervals.
Any smaller δ neighborhoods also isolate the double point parameters of u; and, at the
expense of further decreasing t, all of the double point parameters of zˆt are contained in
the smaller B. So we can choose δ2 and t small enough that no two matched double point
parameters of any zˆt are as close as 2δ2. In particular, for δ ≤ δ2,
• no Bδ can contain a matched pair of double point parameters for any zˆt. (4.1.1)
For future technical reasons, shrink δ2 if necessary to ensure that
• the closed Bδ intervals are disjoint.
Again, note that any smaller t1 or δ2 satisfy the above conditions. This does not yet
imply that each interval Bδ(si) (resp. s¯i) contains any double point parameter for zˆt, or
contains only one - perhaps there are many unmatched parameters inside one Bδ.
4.2 Choose δ3 and t2 so the Bδ isolate parameters for zˆt
We know that matched double point parameters of zˆt cannot be too close together; we
need to establish the same property for unmatched parameters. This takes a few steps.
We first sharpen the statement that all the double point parameters of zˆt are contained
in B.
Lemma 4.4. For small enough t, matched double point parameters of zˆt are contained in
matched Bδ intervals.
Proof. If not, then there exists tn → 0 with matched parameters rn, r¯n such that the Bδ
intervals containing these parameter values are not matched. As usual, sinceD is compact,
we can extract convergent subsequences: rn → r0 and r¯n → r#. Since there are only
finitely many Bδ intervals, we can further extract subsequences so that all rn are contained
in Bδ(si) for one particular i. The distance between matched double point parameters for
zˆt is bounded away from 0 (recall λ) so r0 6= r#. But then, since u(r0) = u(r#) by Lemma
4.1, r0 and r# are double point parameters for u. Thus, r0 must equal si and r# = s¯i. In
particular, all rn are contained in Bδ(si) and all but finitely many r¯n are contained in the
matching interval Bδ(s¯i), contradicting the assumption that the pairs rn, r¯n are contained
in unmatched intervals.
We also will use a general property of smooth space curves.
Lemma 4.5. Let γ : [a, b] → Rn be a C1 regular curve, let u0 be a fixed unit vector, and
let α0 be some positive angle. If for each s ∈ [a, b] we have ∠(γ′(s),u0) ≤ α0, then for
each parameter pair c, d with a ≤ c ≤ d ≤ b, we have
∠(γ(d)− γ(c),u0) ≤ α0,
for γ(c) 6= γ(d).
12
Proof. Let γ : [a, b]→ Rn be a C1 regular curve, and choose parameter values c and d with
the property that a ≤ c ≤ d ≤ b and γ(c) 6= γ(d). Further, let s denote a parameter value
in the domain. Refer to Figure 5 for a schematic diagram of the curve γ, an associated
chord, and a tangent vector.
γ(c)
γ(d)
γ′(s)
Figure 5: γ curve with tangent vector γ′(s) and chord γ(d)− γ(c).
Fix a unit vector u0, and let α0 be an acute angle with the property that ∠(γ′(s),u0) ≤ α0
for each s ∈ [a, b]. Also, let θ(s) = ∠(γ′(s),u0) ≤ α0. Since u0 is unit, we have the
following:
u0 · (γ(d)− γ(c)) = u0 ·
∫ d
c
γ′(s) ds
=
∫ d
c
u0 · γ′(s) ds
=
∫ d
c
||γ′(s)|| cos θ(s) ds
≥
∫ d
c
||γ′(s)|| cosα0 ds
= cosα0
∫ d
c
||γ′(s)|| ds
≥ cosα0 ||γ(d)− γ(c)||
But
u0 · (γ(d)− γ(c)) = ||γ(d)− γ(c)|| cos (∠(γ(d)− γ(c),u0))
Consequently,
cos(∠(γ(d)− γ(c),u0)) ≥ cosα0 =⇒ ∠(γ(d)− γ(c),u0) ≤ α0
We now can show why unmatched double point parameters of zˆt cannot accumulate
within one Bδ.
Lemma 4.6. There exist δ3 ≤ δ2 and t2 ≤ t1 such that for all δ < δ3, t < t2, no two
unmatched double point parameters of zˆt are contained in any one Bδ.
Proof. With our current values δ2 and t1, we know that all double point parameters of zˆt
are contained in the union of the Bδ intervals and that matched parameters are contained
in matched intervals. Also, if we shrink δ, we can shrink t to preserve these properties.
At each double point pi of u there are two arcs of u crossing at some positive angle
αi. Let α0 =
1
3
min{α1, . . . , αk}. Since zˆ′t are uniformly continuous and (Lemma 4.1)
13
zˆ′t −→ u′ uniformly, there exists δ3 > 0 such that for δ ≤ δ3 and t less than some t2, if q
is a point in Bδ(si) then the angle between zˆ
′
t(q) and u
′(si) is less than α0.
We claim that with δ < δ3 and t < t2, no Bδ(si) can contain two unmatched double
point parameters of zˆt. Suppose q, r are double point parameters of zˆt contained in
Bδ(si). Their matching parameters q¯, r¯ are, by Lemma 4.4, contained in Bδ(s¯i). The
crossing angle of u at u(si) = u(s¯i) is αi. By our choice of δ3 and t2, we have:
• The angle between u′(si) and zˆ′t(w) is less than α0 for each w ∈ Bδ(si).
• The angle between u′(s¯i) and zˆ′t(w) is less than α0 for each w ∈ Bδ(s¯i).
Consequently, Lemma 4.5 ensures the following:
• The angle between u′(si) and the chord vector (zˆt(r)− zˆt(q)) is less than α0, and
• the angle between u′(s¯i) and the chord vector (zˆt(r¯)− zˆt(q¯)) is less than α0
But this says that the angle between the two chords is at least 1
3
αi > 0. On the other
hand, if both pairs of parameters are matched, then the chords are identical.
Once we know that no two double point parameters of any zˆt (whether matched or
unmatched) lie in a single Bδ, we can say the following:
• With δ < δ3 and t < t2 as above, each interval Bδ contains at most one double
point parameter value for a given zˆt. (Note we are not yet claiming that zˆt has any
double points, much less that the parameter values are close to those for u; simply
that no Bδ contains two of them for a given zˆt.)
Again, note that for any smaller choices of δ3 we can shrink t2 to still satisfy all bulleted
properties listed so far.
4.3 Choose δ intervals to constrain how u crosses itself and force
zˆt to have nearby double points
This is another step involving several steps of local analysis and “epsilonics”. The argu-
ments are similar to the previous section, so we will summarize here.
For each double point pi of u, we find a choice of δ
i < δ3 so that u is especially
well-behaved in Bi = Bδi(si) ∪ Bδi(s¯i); we choose t small enough to have zˆt follow u
closely enough to produce double point parameters for zˆt in Bi. Then choose δ4 to be the
maximum of these separate δ, and choose t3 the minimum of the respective t. This will
yield double points parameters of zˆt in each Bδ4(si) [resp. s¯i] for all t < t3.
For each double point pi = u(si) = u(s¯i) of u, by referring to the tangent plane TpiS
2,
we can find a neighborhood N(pi) in S
2 with the following properties (refer to Figure 4):
• N(pi) in S2 is diffeomorphic to a rectangle with consecutive sides A,B,C,D.
• The various neighborhoods N(pi) are pairwise disjoint.
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• There exists 0 < δi4 ≤ δ3 such that the images u(Bδi4(si)) and u(Bδi4(s¯i)) are arcs
spanning N(pi) such that one arc connects the interior of side A to the interior of
side C and the other arc runs similarly between B and D.
• Each arc u(Bδi4(si)) and u(Bδi4(s¯i)) meets the boundary edges of N(pi) transversally.
• The derivative u′ is nearly constant on each interval Bδi4(si) and Bδi4(s¯i).
For each pi, we obtain the neighborhood N(pi) by radial projection of an appropriate
neighborhood of pi in the tangent plane Tpi(S
2).
For each i, we can choose ti3 so that when t < t
i
3, the maps zˆt are close enough to u that
the images zˆt(Bδi4(si)) and zˆt(Bδi4(s¯i)) contain arcs (the arcs may extend further) in N(pi)
that connect A to C and B to D. The Jordan Curve theorem then implies that those arcs
must intersect (see Figure 6). Letting δ4 = max{δi4} ≤ δ3 and t3 = min{ti3} ≤ t2, we have
• For t < t3, zˆt has at least one double point parameter in each Bδ4 interval about
a double point parameter of u.
• From Section 4.2, we then have that for t < t3, zˆt has exactly one double point
parameter in each interval Bδ3(si) [resp s¯i]. And the corresponding double point of
zˆt lies in the neighborhood N(pi).
Figure 6: Box neighborhood of a double point of u.
We now have intervals about the double point parameters of u that isolate the double
point parameters of u, isolate any double point parameters of zˆt they happen to contain,
AND that each contain exactly one double point parameter of zˆt, with matched double
point parameters of zˆt contained in matched Bδ neighborhoods of the double point param-
eters of u. Thus, the double point parameter values of u are in one-to-one correspondence
with the double point parameter values of zˆt.
4.4 Conclusion: The limiting knot type
We now show that the limiting knot type of zt is one of finitely many choices, which are
determined by u. Recall that k denotes the number self-intersections of u.
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Theorem 3. Under our generic assumptions of regularity with no goal posts, for all
sufficiently small t, the knot type of zt is constant and is the same as one of the 2
k
resolutions of u.
Proof. For appropriate δ and sufficiently small t, the self-intersections of zˆt are in one-to-
one correspondence with the self-intersections of u in the strong sense that matched double
point parameters of zˆt occur in the matched Bδ neighborhoods of double point parameters
of u. Suppose st, s¯t are matched double point parameters of zˆt. Relative to projection into
S2, one of the points zˆt(st), zˆt(s¯t) lies over the other. Resolve the corresponding crossing
of u in the same way to obtain an embedded knot u˜ with the same Gauss code as zˆt.
Because zˆ′ ≈ u′, when we resolve the crossings of u to get the embedded oriented knot u˜,
the handedness of each crossing of u˜ is the same as the handedness of the corresponding
crossing of zˆt. So u˜ and zˆt have the same extended Gauss code.
5 Constructing Ribbons Between Any Two Knots
If one begins with a particular knot with parameterization x and unit vector field u
satisfying our generic assumptions of regularity and no goal posts, Theorem 3 shows that
the outer ribbon edge eventually stabilizes to a resolution of u. We now show that if we
are given two knot types, then it is possible to construct a ribbon frame so that x is one
of the given knot types and the limiting resolution of u is the other given knot type.
Notation. Recall that {s1, s¯1, s2, s¯2, . . . , sk, s¯k} are the parameter values for the self-
intersection points of u, where u(si) = u(s¯i). For t small enough, since the self-intersections
of u are in one-to-one correspondence with zˆt, let {st,1, s¯t,1, st,2, s¯t,2, . . . , st,k, s¯t,k} denote
the parameter values for the self-intersection points of zˆt, where zˆt(st,i) = zˆt(s¯t,i).
Theorem 4. Given knot types K1 and K2, there exists a ribbon frame (x,u) satisfying
the conditions in Section 3, where x(t) defines a knot of type is K1, and the limiting knot
type of the outer ribbon edge is type K2.
Proof. We begin by considering a special case, which is illustrative of the general process.
Special Case: K1 is the unknot, and K2 is any knot.
By Theorem 3.6 of [2], there exists a smoothly embedded knot u˜ of type K2 in R3
with a regular projection into the plane such that there is an arc in the projection which
traverses all of the crossings once before traversing any of them a second time. (Note
that such a projection need not be one of minimal crossing number.) Let P denote the
projection mapping into the plane, and let A denote the Hamiltonian arc in P (u˜).
Fix an orientation and starting point for A, and let {p1, p2, . . . , pk} denote the double
points of the projection P (u˜) in the order that they lie along A. For each j ∈ {1, 2, . . . , k},
in addition to the pj label, we will assign a sign, denoted by ω(pj), to indicate whether the
arc is crossing over or under along A. Let ω(pj) = +1 denote that pj is an over-crossing
double point, and let ω(pj) = −1 denote that pj is an under-crossing double point. Thus,
the double points of P (u˜) have associated pairs
(p1, ω(p1)), (p2, ω(p2)), . . . (pk, ω(pk)).
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See Figure 7 for an example of a projection of the figure eight knot as well as a figure
of an appropriate labelling of the same projection where the arc A runs between the two
circular nodes with the indicated orientation.
Figure 7: A figure eight and its associated labelled diagram.
Once we traverse through the double point labeled pk on the knot, we begin to traverse
through each crossing a second time, but possibly in a different order. We will denote
these double points (which lie outside of A) by the pairs(
p¯τ(1), ω(p¯τ(1))
)
,
(
p¯τ(2), ω(p¯τ(2))
)
, . . . ,
(
p¯τ(k), ω(p¯τ(k))
)
,
where (τ(1), τ(2), . . . , τ(k)) is a permutation of (1, 2, . . . , k). We will address these points
when we specify parameterizations for the curves that we define to be x and u.
We wish to separate the over-crossing double points from the under-crossing double
points. To do so, we first perform an ambient isotopy of the plane so that the set of
double points {p1, p2, . . . , pk} along A are collinear, i.e. straighten the arc A. We then
separate the points by isotoping the over-crossing double points to one side of the line
and the under-crossing double points to the other side of the line. When separating the
points, we do so in such a way that we do not introduce any new crossings. (Note that
this is possible since there are only finitely many double points, and an arbitrarily small
perturbation is enough to isotope any given point off of the line.). See Figure 8 for an
example of the figure eight knot in Figure 7 with collinear double points before and after
such an isotopy.
Once the set of double points {p1, p2, . . . , pk} has been separated according to their
sign within the plane, we enclose each of the two groups within disks. Then we smoothly
isotope the plane to S2 \ {(0,−1, 0)} so that the disks map to small polar caps (e.g. with
polar angle less than pi
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) at the north and south pole of S2. We choose the isotopy so
that the over-crossing points lie within the disk at the north pole while the under-crossing
points lie within the disk at the south pole. The straight line originally containing the
double points is mapped to the equator. We define this isotopic version of P (u˜) on S2 to
be u.
Now, we construct an appropriate curve to represent x. After defining the geometric
curve x, we will adjust the parameterization for x appropriately to create the associa-
tion x(s) ↔ u(s). Since K1 is the unknot, let x : D → S2 be the smooth arclength
parameterization of the great circle where x(0) = x(2pi) = (0, 0, 1), x
(
pi
2
)
= (1, 0, 0), and
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Figure 8: A figure eight with collinear double points before and after isotopy.
x(pi) = (0, 0,−1). We now reparameterize x to control where x maps the double point
parameters of u:
0 < s1 < s2 < · · · < sk < s¯τ(1) < s¯τ(2) < · · · < s¯τ(k) < 2pi
1. Compress x |[0, sk] so that the set x([0, sk]) is contained in the small cap at the
north pole.
2. Stretch x |[sk, s¯τ(1)] so that {x(s¯τ(1))} is contained in the small cap at the south
pole.
3. Compress x |[s¯τ(1), s¯τ(k)] so that the set {x([s¯τ(1), s¯τ(k)])} is contained in the small
cap at the south pole.
4. Stretch x |[s¯τ(k), 2pi] to complete the great circle.
To emphasize the relation between the planar and spherical projections, we use the
label pj to denote u(sj) on S
2, and likewise let p¯τ(j) denote u(s¯τ(j)). Our choice of
parameterizations for x and u allows us to control the over-crossing and under-crossing
pattern of our outer ribbon edge zt in order to achieve the desired knot type. Indeed,
suppose that u(sj) = u(s¯j) is near the north pole. This means that the double point pj
along A was on an over-crossing strand. Also recall that x(sj) is near the north pole while
x(s¯j) is near the south pole. Our choice of parameterization for x, together with the fact
that zt is uniformly close to u implies that u(st,j) · x(st,j) ≈ 1 while u(s¯t,j) · x(s¯t,j) ≈ −1.
So ||zt(st,j)|| = ||u(st,j) + tx(st,j)|| > 1 while ||zt(s¯t,j)|| = ||u(s¯t,j) + tx(s¯t,j)|| < 1. That
is,
||zt(st,j)|| > ||zt(s¯t,j)||
Conversely, if u(sj) = u(s¯j) is near the south pole, then ||zt(st,j)|| < 1 and ||zt(s¯t,j)|| > 1
so that
||zt(st,j)|| < ||zt(s¯t,j)||
Thus, zt has the same over-crossing and under-crossing configuration as u˜ and, therefore,
stabilizes to K2. (It is also important to note that our choice of parameterizations and
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placements of double points ensures that u(si) · x(si) ≈ −u(s¯i) · x(s¯i) ≈ ±1. This guar-
antees that the ribbon frame (x,u) does not have the goal post property.)
General Case: K1 and K2 represent arbitrary knot types.
Let x be a smoothly embedded curve in R3 whose knot type is that of K1. We can pro-
ceed as in the special case above by controlling the behavior of x near the self-intersections
of u, which lie near the polar caps. As such, we can isotope the curve so that x follows the
great circle through (0, 0,±1) and (−1, 0, 0) except for a sufficiently small ball centered
at (1, 0, 0) containing the “interesting” part of the knot. For an example of a suitable x
curve whose knot type is the trefoil, see Figure 9.
x
S2
Figure 9: Appropriate x curve near S2 representing the knot type of a trefoil.
Once the curve defined by x has been fixed, we may proceed by defining the parameter
values {s1, s2, . . . , sk} and {s¯τ(1), s¯τ(2), . . . , s¯τ(k)} as explained in the previous case, which
depend on u alone and not x. The remainder of the arguments in the previous case apply
to such a curve.
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